The Hermite-Gaussian (HG) modes, sometimes also referred to as transverse electromagnetic modes in free space, form a complete and orthonormal basis that have been extensively used to describe optical fields. In addition, these modes have been shown to be helpful to enhance information capacity of optical communications as well as to achieve super-resolution imaging in microscopy. Here we propose and present the realization of an efficient, robust mode sorter that can sort a large number of HG modes based on the relation between HG modes and Laguerre-Gaussian (LG) modes. We experimentally demonstrate the sorting of 16 HG modes, and our method can be readily extended to a higher-dimensional state space in a straightforward manner. We expect that our demonstration will have direct applications in a variety of fields including fiber optics, classical and quantum communications, as well as super-resolution imaging. *
a HG mode to a unique LG mode and then sorting the LG mode with known methods. This sorter operates by sequentially applying a fractional Fourier transform (FRFT) module [21] , an astigmatic mode converter [26] , and an OAM mode sorter. Our scheme takes advantage of a useful relation between HG modes and LG modes: the conversion between these two families of modes can be realized by an astigmatic mode converter [26] . This mode converter can be implemented by two cylindrical lenses, and it has been shown that such a converter can transform HG mn to LG p conditioned on p = min(m, n) and = m − n, where m and n are the mode indices of a HG mode along x and y directions, and p and are the radial and azimuthal indices of a LG mode. Therefore, when we cascade an astigmatic mode converter and an LG mode sorter, we can realize a HG mode sorter. In Fig. 1 (a) the conversion relationship between HG modes and LG modes is visualized, and the experimental results of two HG-LG mode conversions are shown in Fig. 1 (b) . The HG modes in different columns in Fig. 1 (a) can be converted to LG modes of different OAM indices, and therefore can be resolved by an OAM sorter. For example, we note that HG m0 (HG 0n ) can 3 be transformed to LG 0m (LG 0,−n ), and therefore one can readily utilize an OAM mode sorter to unambiguously sort HG modes with one zero index. This result leads to significant consequences, such as for super-resolution imaging in microscopy, as an efficient sorting of HG 00 , HG 01 , and HG 10 modes can resolve sub-diffraction objects and attain the Cramér-Rao bound [13] .
In order to determine both mode indices m and n simultaneously, however, the knowledge of = m − n is not sufficient. In other words, another index p = min(m, n) needs to be identified to completely characterize the LG mode converted from a HG mode. Here we resort to the FRFT as a secondary sorting mechanism, which has been recently used to sort the radial index of LG modes [21, 27] . Since the HG modes are the eigenmodes of FRFT, they keep invariant under such a transform except for a mode-dependent Gouy phase. This transformation can be written as [28] 
where F α denotes an FRFT of order α, and HG mn (x, y) is the transverse field distribution at the beam waist plane which can be expressed as
where C mn is some normalization factor, H m (·) and H n (·) are the Hermite polynomials of order m and n respectively, and w 0 is the beam waist radius. One can notice that the Gouy phase exp[−i(m + n)α] contains information regarding the mode order m + n, and it has been demonstrated that an interferometer can be built to sort beams of different mode order m + n to different output ports [23, 24] . In our experiment, we implement a common-path interferometer by using polarization-dependent SLMs to realize an inherently stable sorter [27] . The horizontal and vertical polarizations are employed as two arms of a Mach-Zenhder interferometer, and two polarization-sensitive SLMs are used to perform FRFT of different orders to the two polarizations respectively. If the FRFT order difference is ∆α, then a mode-dependent phase of ∆φ = −(m + n) · ∆α is introduced between the two polarizations at the output of the FRFT module. By measuring the polarization state of the output photons, one can determine the value of m + n. Due to the bounded two-dimensional Hilbert space of polarization, our FRFT module and the following OAM mode sorter can only resolve the HG modes located at the top two rows in Fig. 1(a) . However, the sorting capability can be readily extended by cascading more FRFT modules as will be discussed later. The experimental schematic of our HG mode sorter is shown in Fig. 1 (c) . A 633 nm He-Ne laser is spatially filtered by a single mode fiber (SMF) and then collimated to illuminate SLM 1. A computer-generated hologram is imprinted on SLM 1 to generate HG modes in the first diffraction order [29] . A polarizer sets the light to be diagonally polarized. The beam waist radius of HG modes is 462.3 µm. A quadratic phase equivalent to that of a 0.62 m lens is imprinted on SLM 2 and SLM 3. Each SLM is attached with a lens of focal length 1.5 m, and in the experiment we realize this by relaying each lens to the corresponding SLM via a 4-f system respectively. Both SLMs are only effective to horizontal polarization and do not modulate the vertical polarization.
The free-space propagation distance between SLM2 and SLM3 is chosen to be 2z, where z = 0.44 m. It can be verified that SLM 2, SLM 3, and two spherical lenses implements an FRFT of α = π/2 to vertical polarization [27] . For horizontal polarization, these elements act as a 4-f system of α = π. According to Eq. (1), the diagonally polarized input HG modes become diagonally (anti-diagonally) polarized at the output when the value (m + n)/2 is even (odd). After Simulated sorting result for entire 20 HG modes which are listed in Fig. 1 
(a). Each mode is normalized
to have the same maximum intensity. It can be noticed that each mode is mapped to distinct position on cameras unambiguously. The mode index mn is labeled around the corresponding sorted mode.
this module, two relay lenses resize the beam waist radius to match an astigmatic mode converter constituted by a pair of 45-degree oriented cylindrical lenses. The focal length of each cylindrical lens f CL , the beam waist radius w 0 , and the separation between two cylindrical lenses s CL are related by the following equations [26] :
where λ = 633 nm is the laser wavelength. In our experiment we use f CL = 10 cm and s CL = 14.1 cm, and the consequent beam waist radius is w 0 = 185.5 µm. The transformed HG modes, which have become LG modes at this point, are sent to a polarization-independent OAM mode sorter [19] . A half wave-plate (HWP) and a polarizing beamsplitter (PBS) directs photons to different output ports according to their orthogonal polarization assigned by the FRFT module.
The experimental results of our HG mode sorter are shown in Fig. 2 . In Fig. 2(a)-(d) we present the images on two cameras when HG modes are injected into the sorter individually. In Fig. 2(e) we combine the sorting result of HG 0n with n = 0, 2, · · · , 8 as well as HG m0 with 6 m = 0, 2, · · · , 8. The lowest index of these modes is 0, which is represented by the first row in Fig. 1(a) . We choose the index spacing to be 2 to reduce the overlap between neighboring modes for the purpose of better visualization. We emphasize that there is no fundamental restriction on the index spacing provided that the OAM mode sorter can have a sufficient mode resolution [17] . One can notice that the HG modes for which (m + n)/2 is even (odd) are routed to camera 1 (camera 2) as a result of the FRFT module. As mentioned earlier, one FRFT module and one OAM mode sorter can resolve the modes in the top two rows in Fig. 1(a) , and the experimental evidence is presented in Fig. 2(f) . We generate HG 1n with n = 1, 3, 5, 7 and HG m1 with m = 1, 3, 5, 7, and combine the corresponding images from two cameras. The lowest index of these modes is 1, which are represented by the second row in Fig. 1(a) . Notably, one can see that these two sets of modes occupy different positions on cameras and in principle can be fully identified by a high-resolution OAM sorter [17] . However, we also note that our setup cannot separate HG modes whose mode order m + n is odd. For example, one can verify that HG 10 and HG 21 cannot be separated by either FRFT module or the subsequent OAM mode sorter. This problem can be addressed by cascading a Dove prism and a Sagnac interferometer to the FRFT module [30] . Here we provide a conceptual design and demonstrate how to extend the dimension of a HG mode sorter. As shown in Fig. 3(a) , the input linearly polarized HG mn is converted to LG p and sent to the subsequent LG mode sorter. Compared to Fig. 1 , we place the astigmatic mode converter before the FRFT module due to the consideration of simplicity. The input HG mn mode and the converted LG p mode is related by m + n = 2p + | |, and the phase induced by FRFT is a function of m + n for HG modes and 2p + | | for LG modes. Therefore swapping the mode converter and the FRFT module does not influence the sorting mechanism. Each FRFT module is followed by a Dove prism inside a Sagnac interferometer. The FRFT module induces a phase difference ∆ψ 1 = −(m + n) · ∆α to horizontal and vertical polarizations [21] , and the Dove prism can rotate horizontally and vertically polarized LG modes by an angle of 2β and −2β respectively, where β is the orientation angle of the Dove prism. This polarization-dependent rotation leads to a phase difference of ∆ψ 2 = −4β(m − n) between horizontal and vertical polarizations [20] , where m − n = represents the OAM index of the converted LG modes. Therefore the total phase difference is ∆ψ = −[(∆α + 4β)m + (∆α − 4β)n] and one can realize an unambiguous sorting with appropriately selected ∆α and β. These parameters used in each stage are provided in Fig. 3(a) . It can be verified that all HG modes will now be guided towards a unique, modedependent output port [30] , and the output port of each mode can be predicted by Eq. (1). We numerically simulate the output image of this extended sorter, and the combined simulation result for 20 HG modes is presented in Fig. 3(b) . These 20 HG modes are the modes listed in Fig. 1(a) with a mode index spacing of 1. In the simulation we use a beam-copying grating in an OAM sorter, which can create 7 copies of a beam to improve the mode resolution [17] . It can be noticed that these 20 HG modes can be well separated to distinct positions unambiguously with negligible crosstalk. As demonstrated in [17] , with a beam-copying grating the separation efficiency can be improved to theoretically 97%, and experimentally achieved efficiency can be larger than 92%.
We also emphasize that by removing the astigmatic LG-HG mode converter, this sorter becomes a LG mode sorter and can unambiguously separate LG modes of p ∈ {0, 1, 2, 3} and arbitrary .
In our experiment the loss mainly comes from the SLMs due to the limited light utilization efficiency, which might impede the scaling shown in Fig. 3 . However, we note that the SLMs can be readily replaced by other low-loss devices, such as the commercially available polarization directed flat lenses [30] . In addition, since all devices employed in our scheme are essentially phase-only elements, the loss can in principle be reduced to zero if appropriate anti-reflection coating is applied on all elements. However, given that the polarization has been used in our scheme to realize a robust FRFT module, our sorter cannot work directly for an arbitrary polarization. This limitation can be lifted e.g., by using a polarization-independent FRFT module [21] or by inserting a PBS to separate polarizations before the sorter. Moreover, the sorting scheme presented here can in principle be used to HG modes of different wavelengths. As can be seen in Eq. (3), the parameters f CL and s CL remains the same as long as w 2 0 /λ keeps constant, which is also true for the parameters of the FRFT module (see Eq. (3) in [21] ). We also note that the material dispersion is the only factor that limits the spectral bandwidth of OAM mode sorter [19] . Therefore, our sorter in principle can have a relatively broad bandwidth provided that w 2 0 /λ is constant and material dispersion is small.
In conclusion, we have proposed and experimentally realized a scalable scheme that can efficiently sort a large number of HG modes. Our scheme is based on an astigmatic mode converter to transform HG modes to LG modes and takes advantage of a LG mode sorter to realize a mode sorter for a large number of HG modes. Further increasing the dimension is straightforward and a conceptual schematic has been presented and numerically simulated. Taking into account the broad use of HG modes, we expect that our demonstration can facilitate fundamental studies of beam analysis in free space and graded-index multi-mode fiber, and can enhance a variety of applications such as super-resolution imaging, optical communications, and quantum key distribution.
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